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Abstract. Let k be an algebraically closed field of characteristic p > 0, and let G be a simple 
simply-connected algebraic group over k that is defined and split over the prime field F p . In this 
paper we investigate situations where the dimension of a rational cohomology group for G can be 
bounded by a constant times the dimension of the coefficient module. We then demonstrate how our 
results can be applied to obtain effective bounds on the first cohomology of the symmetric group. 
We also show how, for finite Chevalley groups, our methods permit significant improvements over 
previous estimates for the dimensions of second cohomology groups. 



1. Introduction 

1.1. Let k be a field, 5 be a finite group, and V be an absolutely irreducible kS- module on which 
S acts faithfully. In 1986, Guralnick conjectured the existence of a universal upper bound, inde- 
pendent of k, S, or V, for the dimension of the first cohomology group H 1 (5, V) [llj . Based on 
the evidence available at the time, Guralnick suggested that a suitable upper bound might be 2, 
though later work by Scott and his student McDowell showed that if S = PSLq(¥ p ) with p suffi- 
ciently large, then there exists an absolutely irreducible /cS-module V on which S acts faithfully 
with dimH^S, V) = 3 [21]. Still, the existence of some universal upper bound remained a plausible 
idea, and the best guess for a particular bound remained 3 until the recent American Institute of 
Mathematics (AIM) workshop "Cohomology bounds and growth rates" in June 2012. As reported 
by AIM and the workshop organizers [12], on day three of the workshop, Scott reported on calcu- 
lations conducted by his student Sprowl [25] , from which they could deduce the existence of 4- and 
5-dimensional examples for H 1 (5', V) when S = PSLj{¥ p ) with p sufficiently large. These calcu- 
lations were independently confirmed by Liibeck, who subsequently showed that large-dimensional 
examples also arise when S = G(¥ p ) is a finite group of Lie type with underlying root system of 
type Eq or F4. Among all the dimensions computed during and in the weeks after the workshop, 
the largest was dimH^S, V) = 469 for S = PSL 8 {¥ p ) with p some sufficiently large prime number. 
These particular large-dimensional examples do not disprove Guralnick's conjecture, but they do 
make it seem less likely that any universal upper bound exists. 

Even if no universal upper bound exists for the dimensions of the cohomology groups H 1 (S', V), 
the computer calculations of Scott, Sprowl, and Liibeck demonstrate how, by exploiting connections 
between the cohomology of semisimple algebraic groups and the combinatorics of Kazhdan-Lusztig 
polynomials, it is possible to obtain much information about the size of H^V) when S is a 
finite group of Lie type. Indeed, a thread of research leading up to the 2012 AIM workshop, and 
since, has been the desire to obtain, or show the existence of, bounds on the dimensions of the 
cohomology groups H m (G(¥ q ), V) that depend only on the (rank of the) underlying root system. 
Specifically, let G be a simple simply-connected algebraic group over an algebraically closed field 
k of characteristic p > 0. Assume G is defined and split over ¥ p . Given q = p r with r > 1, let 
G(¥ q ) be the finite subgroup of Fq-rational points in G. Cline, Parshall, and Scott [7] proved that 
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there exists a constant C($), depending only on the underlying root system such that for each 
irreducible &G(F g )-module V, 

(1.1.1) dimH 1 (G(F g ),y) < C($). 

Arguing via different methods, Parker and Stewart [19] determined an explicit (large) constant that 
can be used for C(3>) in (jl.l.ip . and which is given by a formula depending on the rank of <£. On 
the other hand, if K is an algebraically closed field of characteristic r with r relatively prime to q, 
and if G' is a finite simple group of Lie type, then Guralnick and Tiep showed for each irreducible 
KG'-module V that dimH 1 (G',V') < \W\ + e [El Theorem 1.3]. Here W is the Weyl group of 
G', and e is the twisted Lie rank of G' . Except for certain small values of q depending on the Lie 
type of G, the finite group G(¥ q ) is a central extension of a nonabelian simple group of Lie type; 
see pll 2.2.6-2.2.7]. 

Parshall and Scott [21] later extended the Cline-Parshall-Scott result (jl.l.ip to show for each 
irreducible rational G-module that 

(1.1.2) dimH m (G,y) < c(*,m) 

for some constant c($, m) depending only on <3? and the degree m. Then Bendel et al. [3] succeeded 
in finding a simultaneous generalization of (jl.l.ip and (jl.l.2p . showing for each irreducible kG{¥ q )- 
module V that 

(1.1.3) dimH m (G(F g ),y) < C($,m) 

for some constant C($,m) depending only on <J> and m. Similar results were also obtained in |21| 
bounding the higher extension groups Ext(j(Vi, V%), and in [3] bounding the groups Ext^ F \(Vx, V2), 
assuming that V\ and V2 are irreducible rational G- modules (resp. fcG(F g )-modules), though some 
additional restrictions on V\ are necessary when m > 1. 

1.2. In a different direction from the results described above, in this paper we explore bounds on 
the dimensions of cohomology groups that depend not on the rank of an underlying root system, but 
on the dimension of the coefficient module. This is in the spirit of a number of earlier general results 
providing bounds on the dimensions of H 1 (S', V) and H 2 (S, V) for S a finite group. Specifically, for 
m = 1, Guralnick and Hoffman proved: 

Theorem 1.2.1. [131 Theorem 1] Let S be a finite group, and let V be an irreducible kS -module 
on which S acts faithfully. Then 

dim H 1 (£,10 < idimF. 

In the case m = 2, the cohomology group H 2 (5, V) parametrizes non-equivalent group extensions 
of V by S, and has connections with the study of profinite presentations. Guralnick, Kantor, 
Kassabov, and Lubotsky verified an earlier conjecture of Holt by proving the following theorem: 

Theorem 1.2.2. |14j Theorem B] Let S be a finite quasi-simple group, and let V be a kS-module. 
Then 

dimH 2 (S,F) < (17.5) dim V. 

Guralnick et al. also showed that if S is an arbitrary finite group and if V is an irreducible kS- 
module that is faithful for S, then dimH 2 (S', V) < (18.5) dim V |14j Theorem C], but that in general 
no analogue of this result can hold for H m (S', V) when m > 3 |14j Theorem G]. Still, their work 
leaves open the possibility of finding constants C(m) for each m > 3 such that dimH m (S', V) < 
C(m) - dim V when S is restricted to a suitable collection of finite groups. If such constants exist, we 
say that the cohomology groups H m (5, V), for S in the specified collection of finite groups and V in 
the specified collection of fcS'-modules, are linearly bounded. We call the existence of such constants 
the linear boundedness question for the given groups and modules. More generally, we can consider 
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the linear boundedness question for collections of algebraic groups and for accompanying collections 
of rational modules. 

1.3. This paper investigates the linear boundedness question for the rational cohomology of a 
simple simply-connected algebraic group G over k that is defined and split over ¥ p . In other words, 
we investigate, for m < 3, upper bounds on the dimension of H m (G, M) for M a rational G-module 
(which the reader may assume to always be finite-dimensional, though we do not always make this 
assumption explicit, nor is it necessary for the validity of every result in this paper). In this context 
we are able to exploit the existence of a Borel subgroup B in G (i.e., a maximal closed connected 
solvable subgroup in G) and a maximal torus T in B. In Section [2] we apply intricate calculations 
of Bendel, Nakano, and Pillen [5j, Wright |27| . and Andersen and Rian [2], summarized in Theorem 
12.3-H to prove for a finite-dimensional rational l?-module M that 



(1.3.1) dimH m (B,M)< 



dimM if m = 1 or 2, 

2 dim M if m = 3 and p > h. 



Here h is the Coxeter number for For a rational G-module M, it is well known that H m (G, M) = 
H m (i?, M), so the above inequalities yield general bounds on the dimensions of rational cohomology 
groups for G when m equals 1, 2, or 3. Further refinements are given in the case m = 1 through 
the explicit computation of H 1 (i?,^) for fi a one-dimensional -B-module. 

If M is a rational T-module, then M admits a weight space decomposition M = ©AeA(T) -^A- 
Here X(T) is the character group of T. In particular, let M be a rational G-module. Using the 
weight space decomposition of M, in Section[3]we establish bounds on the dimension of H X (G, M) in 
terms of the dimensions of the weight spaces of M . This new idea gives much finer information than 
previous bounds depending only on the dimension of M, since it enables us to produce formulas in 
terms of the differences of dimensions of weight spaces. For example, given knowledge about the 
weight space decomposition of M, one can use these formulas in various situations to prove the 
vanishing of cohomology groups. More generally, when the dimension of M is relatively small, our 
bounds provide much more effective estimates on the dimension of H X (G, M) than the estimates 
that arise through the methods of Parshall and Scott [21 J or of Parker and Stewart [19] . 

As an application of our techniques, in Section |4] we show how to obtain effective bounds on 
the dimension of first cohomology groups for S = £<2, the symmetric group on d letters. We also 
demonstrate for S = G(¥ q ), with q = p r and r sufficiently large, that 



(1.3.2) dimH m (G(F 9 ),U) < < 



j- dim V if m = 1, 
dim V if m = 2, 
2 dim V if m = 3 and p > h 



for each &G(F g )-module V. Our results for m = 2 indicate that the bound given in Theorem 11.2.21 
can be significantly improved when S is a finite Chevalley group. We do not treat the twisted finite 
groups of Lie type in this paper, but invite the reader to consider how our results could be extended 
to those cases. 

1.4. Notation. We generally follow the notation and terminology of |18j. Let k be an algebraically 
closed field of characteristic p > 0. Let G be a simple simply-connected algebraic group scheme 
over k, defined and split over ¥ p , and let F : G — > G be the standard Frobenius morphism on 
G. For r > 1 and q = p r , denote by G r the r-th Frobenius kernel of G, and by G(¥ q ) the finite 
subgroup of F g -rational points in G, consisting of the fixed-points in G{k) of F r . Then G(¥ q ) is 
the universal version of an untwisted finite group of Lie type, as defined in |10l 2.2]. 

Let T C G be a maximal torus, which we assume to be defined and split over ¥ p . Let $ be 
the set of roots of T in G, and let h be the Coxeter number of Then $ is an indecomposable 
root system. Fix a set of simple roots A C and denote the corresponding sets of positive and 
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negative roots in <]? by <£ + and 3> , respectively. Write W = Ng{T)/T for the Weyl group of <F Let 
B = T ■ U C G be a Borel subgroup containing T, with unipotent radical U corresponding to $ . 
Set B(¥ q ) = B n G(¥ q ), U(¥ q ) = Un G(¥ q ), and T(F q ) = Tn G(¥ q ). Similarly set B r = B n G r , 
U r = U C\G r , and T r = T (lG r . We write g = Lie(G) and u = Lie(C7) for the Lie algebras of G and 
{/, respectively. Then g and u are naturally restricted Lie algebras. We write u(q) for the restricted 
enveloping algebra of g, and U(q) for the ordinary universal enveloping algebra of g. 
Let X(T) be the character group of T. Write 

X(T)+ = {A G X(T) : (A, a v ) > for all a G A} 

for the set of dominant weights in X(T), and for r > 1, write 

Z r (T) = {A G A(T)+ : (A, a v ) < p r for all a <G A} 

for the set of //"-restricted dominant weig hts in X(T). For each A G X(T)+, let H°(X) = indg(A) be 
the corresponding induced module, which has irreducible socle socg H°(X) = L(A). Each irreducible 
rational G-module is isomorphic to L(X) for some A G X{T) + . Since G is assumed to be simply- 
connected, the L(X) for A G X r (T) form a complete set of pairwise nonisomorphic irreducible 
/cG(F g )-modules. 

I. 5. Acknowledgements. The authors thank the American Institute of Mathematics for hosting 
the workshops "Cohomology and representation theory for finite groups of Lie type" in June 2007, 
and "Cohomology bounds and growth rates" in June 2012. Many of the results described in Section 

II. 11 were motivated by the ideas exchanged at the 2007 workshop, and provided impetus for the 
organization of the 2012 meeting. The results of this paper were obtained in the AIM working 
group format at the 2012 workshop, which promoted a productive exchange of ideas between the 
authors at the meeting. 

The fourth author (Nakano) presented talks at the U.C. Lie Theory Workshops at U.C. Santa 
Cruz in 1999 and at Louisiana State University (LSU) in 2011. At the LSU meeting, his lecture 
was devoted to explaining the various connections between the cohomology theories for reductive 
algebraic groups and their associated Frobenius kernels and finite Chevalley groups. The results in 
this paper are a natural extension of the results discussed in his presentation. 

2. Bounds on rational cohomology groups 

2.1. Weight spaces and S-cohomology. The irreducible 5-modules are one-dimensional and 
are identified with elements of X(T) via inflation from T to B. For a finite-dimensional rational 
-B-module M, the -B-module composition factors of M can be read off with multiplicities from its 
weight space decomposition. By considering the long exact sequence in cohomology, it follows for 
each m > that one has the inequality 

(2.1.1) dimH m ( J B,M) < E^ex(r) dimik^ • dimH m (£,^). 

Thus, if one can determine a bound on the dimension of H m (B, fi) that depends only on m and not 
on jj,, then one can obtain a similar bound on the dimension of H m (B, M) that depends only on m 
and the dimension of M. In particular, if M is a rational G-module considered also as a rational 
B-module by restriction, then one has H'(G,M) = B.'(B,M) by [El II.4.7], so a bound on the 
dimension of H m (i?,M) automatically yields a bound on the dimension of H m (G, M). 

For m = 1, we can use Andersen's explicit computation of H 1 (i?,^) for each € X(T), together 
with the formula (I2.1.ip . to give a general upper bound on dimH 1 (S, M). 

Theorem 2.1.2. [H Corollary 2.4] Let fj, G X(T). Then 

i . „ . I k if u= —p t a for some a G A and t > 0, 
H (£?, fx) = < r 

otherwise. 
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Corollary 2.1.3. Let M be a finite- dimensional rational B-module. Then 

dimH 1 (B,M) < V dim M_ p t a < dim M. 

a€A,i>0 

In particular, if M is a finite- dimensional rational G-module, then 

dimH^G.M) < ^ dimM_ p t a . 

oeA, t>o 

2.2. Applications to G-cohomology. We can now apply the results of the preceding section to 
give bounds on the dimension of H 1 (G, M) for M a rational G-module, by considering the action 
of the Weyl group on the set of weights of M. 

Theorem 2.2.1. Let M be a finite- dimensional rational G-module. Then 

dimH 1 (G,M) < ±dimM. 

Proof. Recall that restriction from G to B induces an isomorphism H*(G, M) = H*(B,M). Then 

dim H 1 (G, M) < Z a eA, t>o dim M -v^ 

by Corollary 12.1.31 Next, the set of weights of a rational G-module is invariant under the action 
of the ambient Weyl group W, and all roots in $ of a given root length lie in a single W-orbit. In 
particular, if t > 0, and if a, f3 £ A are of the same length, then dim M_ p t a = dim M_ p tp. Let & s 
(resp. $i) denote the set of short (resp. long) roots in $, and set A s = A n $ s (resp. A/ = A n <£/). 
Then one can check that |<3? s | = h ■ |A S | and |<J>/| = h ■ |Aj|; cf. [161 Proposition 3.18] for the case of 
one root length. Together these equalities imply that Ylae A t>o d ™ ^-p*a — \ dim M. □ 

Corollary 2.2.2. Let M be a finite- dimensional rational G-module. Then 

dimH^GjAf) < ^dimM. 

Proof. This follows from Theorem 12.2.11 since the Coxeter number is always at least 2. □ 

If M = L(X) is an irreducible rational G-module, then we can use Theorem 11.2.11 to give an 
alternate proof of Corollary l2.2.2l as follows. To begin, we may assume by the Linkage Principle that 
A € Z$, and also that A / 0, since L(0) = k and H 1 (G, k) = [18, II.4.11]. Next, choose r > 1 such 
that A E X r (T), and set q = p r . Then L(X) is an irreducible fcG(F g )-module, and the restriction map 
H X (G, L(A)) ->■ H 1 (G(Fq), L(A)) is injective by [HJ 7.4]. Now write Z(G(¥ q )) for the center of G(¥ q ). 
Since G is simply-connected (i.e., is of universal type), G'(¥ g ) := G(¥ q )/Z(G(¥ q )) is a nonabelian 
finite simple group by [101 2.2.6-2.2.7]; this uses the fact that r > 1. Also, Z(G(¥ q )) is a subgroup 
of Z(G) by [El 2.5.9]. Since Z(G) = f| ae $ker(a) C T acts trivially on L(A) whenever A G Z$, it 
follows that L{\) is naturally a nontrivial irreducible module for G'(¥ q ). In particular, G'(F g ) must 
act faithfully on L(X). The group Z(G(¥ q )) has order prime to p, so it follows from considering the 
Lyndon-Hochschild-Serre spectral sequence for the group extension 1 — > Z(G(F (? )) — >• G(F g ) — > 
G'(F 9 ) -> 1 that H 1 (G(F g ),L(A)) ^ H 1 (G'(F g ),L(A)). Then dimH 1 (G(F g ), L(A)) < idimL(A) 
by |13|, Theorem 1]. 

2.3. Bounds for second and third cohomology groups. Now we consider K m (B, /i), H m (i?, M), 
and H m (G, M) for m equal to 2 or 3. First recall the following results: 

Theorem 2.3.1. Let \i G X(T). Then 

(a) dimH 2 (S,/i) < 1. 

(b) Ifp>h, then dimH 3 ^,^) < 2. 

Proof. For (a), see [U Theorem 5.8] and [271 Theorem 4.1.1]. For (b), see Theorem 5.2]. □ 
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Applying (|2.1.ip to the preceding theorem, and using the fact that H*(G, M) = H°(B,M) for 
each rational G-module M, one obtains: 

Corollary 2.3.2. Let M be a finite- dimensional rational B-module. Then 

(a) dimH 2 (5,M) < dimM. 

(b) Ifp>h, then dimH 3 (5,M) < 2 • dimM. 

In particular, if M is a finite- dimensional rational G-module, then these inequalities also hold with 
B replaced by G. 

As in Corollary 12.1.31 a stronger version of the above result can be obtained by considering 
precisely which weights /i of M satisfy W(B,fi) ^ 0. The results in the corollary motivate posing 
the following question, an affirmative answer to which would yield, for each m > 1, upper bounds 
on the dimensions of W n (B,M) and H m (G, M) for each finite-dimensional rational G-module M. 

Question 2.3.3 (Linear boundedness for Borel subgroups). For each m > 1, does there exist a 
constant C(m), depending on m but independent of the rank of G or of the weight \i € X(T), such 
that dimH m (i?,^) < G(m)? 

2.4. Bounds for finite Chevalley groups. In this section we discuss some rough analogues for 
the finite subgroup G(¥ q ) of G of the results in Sections 12.21 and 1 2.31 While the bounds presented 
here are often significantly worse than those given by Theorem ll.2.11 we point out that they can be 
obtained using only purely elementary methods. Recall that p is nonsingular for G if p > 2 when 
$ is of type B, G, or F, and if p > 3 when $ is of type G2. 

Theorem 2.4.1. Let M be a finite- dimensional kG{¥ q ) -module, and suppose p is nonsingular for 
G. Then 

dimH 1 (G(F (? ),M) < r ■ |A| ■ dimM. 

Proof. Recall that U(¥ q ) is a Sylow p-subgroup of G(¥ q ) [lOl 2.3.4]. In particular, the index of 
U (¥ q ) in G(¥ q ) is prime to p, so restriction from G(¥ q ) to U(¥ q ) defines an injection 

R'(G(¥ q ),M) ^R'(U(¥ q ),M). 

Since U(¥ q ) is a p-group, each irreducible kU (¥ q )-modu\e is isomorphic to k. Then considering a 
?7(F g )-composition series for M, and using the long exact sequence in cohomology, it follows by 
induction on the dimension of M that 

dimH 1 (C/(F 9 ),M) < dimH 1 ([/(F f/ ), k) ■ dimM. 

Now B 1 (U(¥ q ),k) identifies with the space of /c-linear maps kU(¥ q ) a b — > k. Here U(¥ q ) a b is the 
abelianization of U(¥ q ). Since p is nonsingular, it follows from |10l 3.3.1] that U(¥ q ) a b = (F g )' A ' 
as an abelian group. Specifically, U(¥ q ) a i ) identifies with the direct product of the root subgroups 
in U(¥ q ) corresponding to simple roots. Since q = p r , k¥ q = k ®f p ¥ q has fc-dimension r. Then 
dimR 1 (U(¥ q ),k) = r ■ |A|. □ 

More generally, one can argue as in the proof of the theorem to show for each m > that 

dimH m (G(F 9 ),M) < dimB m (U(¥ q ),k) - dimM. 

In turn, the dimension of H m (U(¥ q ), k) is bounded above by the dimension of the cohomology 
group H m (w(u® r ), k) for the restricted enveloping algebra n(u® r ); see [26l 2.4]. 

3. Bounds depending on weight space multiplicities 
3.1. Next we explore some bounds on dimH 1 (G, M) that depend on weight space multiplicities. 
Lemma 3.1.1. Let A G X(T) + . Then dimH 1 (G, L(X)) < dimF°(A) . 
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Proof. If A = 0, then the result follows because H°(0) = L(0) = k and H (G,k) = 0. So assume 
that A ^ 0. There exists a short exact sequence of G- modules 

-> L(X) -> H°(X) -> Q -> 0. 

Since H 1 (G,i?°(A)) = by [18, II.4.13], and since Hom G (fc, L(A)) = by the assumption A f 0, 
the corresponding long exact sequence in cohomology yields H 1 (G, L(A)) = Horned, Q). Now the 
multiplicity of the trivial module in socg Q is bounded above by the composition multiplicity of the 
trivial module in H°(X), which is bounded above by the weight space multiplicity dim//°(A)o- □ 

In some cases we can improve the conclusion of the lemma to a strict inequality. Suppose that 
the set of weights of T in L(X) is equal to that of H°(X). By [23], this condition is known to hold 
if A 6 X\(T) and p is good for Recall that p is good for $ provided p > 2 when $ is of type B n , 
C n , or D n ; p > 3 when $ is of type F±, G2, Eq, or Er, and provided p > 5 when is of type E%. 
By the Linkage Principle, H 1 (G, L(X)) = unless A € Z<J>. It is well known that the set of weights 
of H°(X) is saturated. Thus, if A € 1<S> n X(T) + , then is a weight of H°(X), and hence also of 
L(A). In particular, dimQo < dim H°(X)q. Since dim Home (fc, Q) is bounded above by dimQo ; w e 
obtain in this case that dimH 1 (G, L(X)) < dim^T (A)o. 

3.2. We now present a preliminary result that relates H 1 (G, M) to cohomology for g = Lie(G), by 
way of cohomology for the Frobenius kernel G\. Write H*(g,M) = H*([/(g),M) for the ordinary 
Lie algebra cohomology of g with coefficients in the g-module M. If M is a rational G-module, 
then the adjoint action of G on g, together with the given action of G on M, induce a rational 
G-module structure on H*(g,M). 

Lemma 3.2.1. Let M be a rational G-module, and suppose that M Gl = 0. Then 

(a) Restriction from G to G\ induces an isomorphism H 1 (G, M) = H 1 (Gi, M) G / Gl . 

(b) There exists a G-equivariant isomorphism H 1 (Gi,M) = H 1 (g,M). 

(c) H X (G,M) ^H^g.M) . 

Proof. Consider the Lyndon-Hochschild-Serre spectral sequence 

(3.2.2) Et? = ff (G/Gi , W (Gi , M)) R i+j (G,M), 
and its associated five-term exact sequence 

(3.2.3) -> ^2'° H^GjAf) ^ £ 2 1 ^ ^2'° ^ H 2 (G,M). 

Since Homcj (fc, M) = M Gl = 0, one has E^ = for all i > 0. Then ()3.2.3|) yields that restriction 
from G to Gi defines an isomorphism H 1 (G, M) = E 1 (G 1 ,M) G / Gl . This proves (a). 

For (b), recall that the representation theory of the restricted enveloping algebra u(g) is nat- 
urally equivalent to that of the Frobenius kernel Gi [18^ 1.9.6]. We thus identify H 1 (Gi,M) and 
H 1 (u(g), M) via this equivalence. Since u(g) is a homomorphic image of U(g), and since the quotient 
map U(q) —¥ u(q) is compatible with the adjoint action of G, there exists a corresponding G-module 
homomorphism H 1 (Gi, M) -> H^g,]^"), which by [HI 1.9.19(1)] fits into an exact sequence 

(3.2.4) -> H 1 (Gi, M) -> ^(fljM) -)■ Hom s (g,M ). 

Here, given a vector space V, Hom s (g, V) denotes the set of additive functions 93 : g — > V satisfying 
the property ip{ax) = a p ip{x) for all a 6 and x € g. Since M is a rational G-module, it is in 
particular a restricted g-module, i.e., a n(g)-module. Then M e = M u ^ = M u ^ = M Gl . This 
space is zero by assumption, so we conclude that H 1 (Gi,M) = H 1 (g,M). This proves (b). Now 
(c) follows immediately from (a) and (b). □ 

Replacing G by B in the previous proof, one obtains the following lemma: 
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Lemma 3.2.5. Let M be a rational B-module, and suppose that M 1 = 0. Then restriction from 
B to B\ induces an isomorphism H 1 (i?,M) = H 1 (Si, M) B ' Bl . In particular, restriction from B to 
Ui defines an injection Y^{B,M) ^ H 1 (J7i,M) r . 

Proof. It remains to explain the last statement in the lemma. Since B\ is the semidirect product 
of U\ and the diagonalizable group scheme T\, it follows that restriction from B\ to U\ defines 
an isomorphism H*(i?i, M) = H*([/i,M) Tl 1.6.9]. Then restriction from B to U\ defines an 
isomorphism H 1 ^, M) = B}(Ui,M) B / Ul , and the latter space is a subspace of E 1 (U 1 ,M) T . □ 

3.3. The results in the preceding section can be employed to establish upper bounds for H 1 (G, M) 
in terms of specific weight space multiplicities. 

Proposition 3.3.1. Let M be a rational B-module, and suppose that M Bl = 0. Let A' C <I> + be a 

set of roots such that the root spaces U- a for a £ A' generate u as a Lie algebra. Then 

dimH 1 (B,M) < Y, ae A> dimM_ Q - dimM . 

Proof. First, H X (B, M) injects into B 1 (Ui,M) T by Lemma[3X5j Next, replacing G by U in pi| , 
there exists a S-equivariant injection H 1 (L r i,M) <-*■ H^u, M). Now recall that H^u, M) fits into 
an exact sequence 

(3.3.2) -> Inn(u, M) -> Der(u, M) -> H^u, M) -> 0. 

Here Der(u, M) is the space of all Lie algebra derivations of u into M, and Inn(u, M) is the space 
of all inner derivations of u into M. Since M is a rational l?-module, the conjugation action of B 
on u makes (|3.3.2p into an exact sequence of rational S-modules. Then applying the exact functor 
(-) T to (Efflp , one obtains 

dimR l (B,M) < dimR l (u,M) T = dimDer(u, M) T - dimlnn(u, M) T . 

As rational ^-modules, Inn(u, M) = M/M u . Observe that (M U ) T = (M Ul ) T C M Bl = 0. Then it 
follows that Inn(u, M) T = (M/M U ) T = M . Finally, a Lie algebra derivation u -> M is completely 
determined by its action on a set of Lie algebra generators for u, say, the root subspaces u_ a for 
a G A'. Moreover, a T-invariant derivation u — )■ M must map U-^ into M_p for each /3 G $ + . Then 
dimDer(u, M) T < X^aeA' dimM_ Q . Combining this with the previous observations, we obtain the 
inequality in the statement of the proposition. □ 

Remark 3.3.3. If p is nonsingular for G, then one can take A' = A in Proposition 13.3.11 

The next result is an analogue for algebraic groups of [U Corollary 2.9]. Let ao be the highest 
short root in <£, and let a be the highest long root in <]?. 

Corollary 3.3.4. Let M be a rational G-module, and suppose that M Bl = 0. Let A' C <I> + be a 

set of roots such that the root spaces u_ a for a G A' generate u as a Lie algebra. Then 

dimH^G, M) < J2 a eA> dimM a - dimM . 

In particular, suppose p is nonsingular for G. Then 

dimH^GjM) < |A S | • dimM ao + |A;| • dimM 5 - dimM , 

where by convention we consider all roots in $ as long, and set A s = 0, whenever $ has roots of 
only a single root length. 

Proof. Observe that if the root spaces u_ Q for a G A' generate u as a Lie algebra, then so do the root 
spaces u Woa for a G A'. Here wo G W is the longest element of W. One has H*(G, M) = B*(B, M), 
so dimH 1 (G, M) < X^gA' dimM WoQ — dim Mo. But dimM^ = dimM^^ whenever w G W, so we 
conclude that dimH 1 (G, M) < ^ QeA , dimM a — dim Mo. In particular, if p is nonsingular for G, 
then we can take A' = A. Since all roots of a given root length in $ are conjugate under W, we 
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dimH^CM) < 



then have dimM a = dimM Q0 whenever a G A s , and dimM a = dimMg whenever a € A;, so that 
J2 a eA dimM Q = |A S | • dimM Qf) + |A,| • dimM 5 . □ 

The bounds established in Corollary 13.3,41 can be improved if we assume that the Weyl group has 
order prime to p. For the next theorem, recall that if M is a rational G-module, then the 0-weight 
space Mq of M is naturally a module for W = Nq(T)/T. 

Theorem 3.3.5. Let M be a rational G-module. Assume that M Gl = 0, and that p\ \W\. Then 

dimH 1 (G, M) < dimM Q0 + dimM 5 - dimM , 

where by convention we say M ao = if $ has roots of only a single root length. In particular, 

dim M if $ has one root length, 
dim M if & has two root lengths. 

Proof. The second statement follows from the first by applying the argument given in the proof 
of Theorem 12. 2. H so we proceed to prove the first statement. Set ./V = Nq(T), and observe that 
the fixed-point functor (— ) factors as the composition of the exact functor (— ) T with the functor 
(_)AT/T _ (— )W ? w hi c h i s a i so exact by the assumption that the finite group W has order prime 
to p. Then (-) N is exact. One has H 1 (G, M) = H^g.M) by Lemma EXT^c) , so in particular 
dimH 1 (G, M) < dimH 1 (g, M) . Now applying the exact functor (— ) N to the exact sequence of 
rational G-modules 

-> Inn(fl,M) -»■ Der(0,M) -> H 1 ^, Af) -> 0, 

one obtains 

6&mK 1 (fi,M) N = dimDer(g,M) Ar - dim Inn(g, M) N . 
As a rational G-module, Inn(g,M) ^ M/M s . But M s = M Gl = by assumption, so 

dim'R 1 (£,M) N = dimDer(g, M) N — dimM^. 

Observe that M N = (M T ) W = . Also, an iV-invariant derivation 5 : g ->■ M is in particular 
T-invariant, and so must map g^ into Mp for each /3 £ All roots of a given length in $ are 
conjugate under W, so it follows that an iV-invariant derivation 5 is uniquely determined by its 
values on any single root space in g if $ has only one root length, and by its values on any pair 
of root spaces in g corresponding to a long root and a short root if $ has two root lengths. In 
particular, dimDer(g, M) < dimM Q0 + dimM^, where by convention we say that M ao = if $ 
only has roots of a single root length. Combining this and the preceding observations, one obtains 
the first statement of the theorem. □ 

Remark 3.3.6. The assumption M Bl = 0, and hence also M Gl = 0, is satisfied if M = L(X) for 
some A G X(T) + with A ^ pX(T). Indeed, in this case A = Ao + pXi for some / Ao G Xi(T) 
and some Ai G X(T) + . Then L(X) = L(Ao) L(Ai)^ 1 -' by the Steinberg tensor product theorem, so 
that L(X) Bl L(A ) Bl ®L(Ai)W. Now L(X ) Ul = L(X ) Wo \ (cf. O H.3.12]), so it follows that 
L(X ) Bl = (L(X ) Ul ) Tl = because w X $ pX(T) by the condition ^ A G Xi(T). 

If A = 0, then L(X) = k, and one has H 1 (G, k) = and H 1 (g, fc) = (g/[g,g])* = 0, so that Lemma 
l3XlT c) holds in this case. If also p ^ 2 when $ is of type G n , then H^G^/c) = [H 11.12. 2], 
which recovers all parts of Lemma 13.2.11 when M = k. Now let A G X(T) + DpX(T) be nonzero. 
Then A = p s fi for some n G X(T)+ with ^ ^ pX(T), and L(A) = is trivial as a G s -module. 

Suppose that p ^ 2 if $ is of type C n . Then H 1 (G S ,L(A)) ^ H 1 (G S , fe) <S> L(X) = by [Ml II.12.2], 
and Hom(3 s (k, L(X)) = L(X), so replacing G\ by G s in (|3.2.2|) . the corresponding five-term exact 
sequence shows that the inflation map induces an isomorphism 

H 1 (G/G s ,L( / u)^)-H 1 (G,L(A)). 
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Identifying G/G s with the Frobenius twist of G, we can make the identification 

H 1 (G/G s ,L(/i)^- ) ) = R 1 (G,L(fi)). 

Then there exists a vector space isomorphism H 1 (G, L(A)) = H 1 (G, L(fi)). This shows that, as- 
suming that p ^ 2 when <3> is of type C n , Corollary 13.3.41 and Theorem 13 . 3 . 5 1 can still be applied to 
provide bounds on dimH 1 (G, L(X)) when A E pX(T). 

Remark 3.3.7. The results in Sections 13.21 and 13.31 remain true, with exactly the same proofs, 
under the weaker assumption that G is a connected reductive algebraic group over k that is defined 
and split over F p , that T C G is a maximal split torus in G, that the root system $ of T in G 
is indecomposable, that B C G is a Borel subgroup of G, etc. In particular, the results hold for 
G = GL n (k) when n > 2. 

4. Applications 

4.1. Bounds for E<j. In this section only, let S = be the symmetric group on d letters (d > 2), 
and let G = GLd{k) be the general linear group. It is well known, from considering commuting 
actions on tensor space, that there are close connections between the representation theories of S 
and G. 

Let T C G be the subgroup of diagonal matrices, and write X(T) = ©f =1 1>£i for the character 
group of T. Here e« : T — > is the z-th diagonal coordinate function on T. Recall that the set 
X(T) + of dominant weights on T consists of the weights A = Ylt=i a i £ i ^ X(T) with aj — a^+i > 
for each 1 < i < d. Then identifying a partition A = (Ai, A2, ■ ■ •) of d with the weight A = Y2i=i ^i e ii 
the set of partitions of d is naturally a subset of X(T) + . Moreover, this subset parametrizes the 
irreducible degree-d polynomial representations of G. Recall that a partition A = (Ai,A2,...) is 
p-restricted if Aj — Aj+i < p for each i > 0, and is p-regular if no nonzero part Aj of the partition 
is repeated p or more times. Then the irreducible /cE^-modules are indexed by the set A res of 
p-restricted partitions of d. Given A € A res , let D\ be the corresponding irreducible kT,^- module, 
and write sgn for the sign representation of S^. Given a partition A, write A' for the transpose 
partition. Then the irreducible /cS^-modules can be indexed by p-regular partitions by setting 
D x = D\ tg) sgn for each A G A res . 

Doty, Erdmann, and Nakano constructed a spectral sequence relating the cohomology theories 
for GLd and S^, showing for p > 3 and A € A rcs that 

(4.1.1) H 1 (S ( i, D x ') = H 1 (S ( i, D\ ® sgn) = Extg(<5, L(X)), 

where 6 = (l d ) is the one-dimensional determinant representation of GL^ [91 Theorem 5.4(a)]; cf. 
also [20, Theorem 4.6(b)]. One can now apply Corollary 13.3.41 to obtain the following bound for 
the first cohomology of symmetric groups. 

Theorem 4.1.2. Suppose p>3, and let A 6 A res with A 7^ (l d ). Then 

dimH 1 ^,^') < E QeA dimL(A) (5+a -dimL(A) 5 . 

Proof. One has H x (S d , D y ) ^ Ext^(<5, L(A)) by (|3XI]> . Then by Corollary [3X2 and RemarkEXTJ 

dimExt^.(5,L(A)) = dimH 1 (G,L(A) ® 

< EaeA dim(L(A) ® -<5) a - dim(L(A) ® -<5) 

= ZaeA dimL (^)5+a - dimL(A) 5 . □ 

We present the following example to illustrate how Theorem 14 . 1 . 2 1 can provide a more effective 
upper bound on cohomology than earlier established bounds involving dimD A . 
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Example 4.1.3. Let char(A;) = p > 3, and consider S = S n with p \ n. In this case 

A = {ai, a>2, • • • , a n _i} = {ei - e 2 , e 2 - e 3 , . . . , e n _i - e n } , 

and 5 = (1,1,... ,1). Set A = (2, 1, 1, . . . , 1, 0). Then A' = (n — 1,1, 0, ... ,0). Moreover, L(A) 
identifies with the (n 2 — 2)-dimensional irreducible G = GL n (£;)-module that can be realized as a 
quotient of the adjoint representation of G tensored by 5. Also, observe that d\mD\ = dimD A ' = 
dimL(2, 1, . . . , 1, 0) s = n - 2. Now by Theorem 0X3 

dimH 1 (E n ,I>- L1 A---,o)) < ^ QeA dimL(A) (5+Q - dimL(A) a = |A| - (n -2) = 1. 

This bound is an equality, because the (n — l)-dimensional Specht module S x ' is a nonsplit extension 
of D x by the trivial module k |17l Theorem 24.1]. The equality dimExtg((5, L(A)) = 1 can also be 
seen from observing that the Weyl module A (A) for G is a nonsplit extension of L(X) by 5. On the 
other hand, for p > 5, we claim that Theorem 1 1 . 2 . 1 1 yields the (weaker) estimate 

dimH^En,!)^- 1 ' 1 ' -- )) < idimD^- 1 ' 1 ' --' ) = ±(rt-2). 

In order to apply Theorem 11.2.11 we must explain for p > 5 why the action of T, n on D x is faithful. 
Write p : S n -> GL(D y ) for the map defining the representation of S n on D x , and write A n for 
the alternating group on n letters. Observe that ker(p) n^4 n is a normal subgroup of the nonabelian 
simple group A n , so either kei(p) n A n = {1}, or ker(p) n A n = A n . The latter equality is false, 
because A n <f_ ker(p), so we have ker(p) n A n = {1}. This implies that ker(p) contains only odd 
permutations and the identity. Since the product of any two odd permutations is an element of 
A n , and since A n nker(p) = {1}, we conclude that in fact ker(p) can contain at most two elements, 
namely, the identity and an odd permutation that is equal to its own inverse. Subgroups of this 
type are not normal in E n , whereas ker(p) is normal in S^, so we conclude that ker(p) — Thus, 
D x is an irreducible faithful S n -module. 

4.2. Bounds for G(¥„). Assume once again that G is as defined in Section [1.41 One can apply 
Cline, Parshall, Scott, and van der Kallen's [8] rational and generic cohomology results to identify 
certain cohomology groups for G(¥ q ) with cohomology groups for G. Then applying our results 
on the dimensions of rational cohomology groups, one can obtain corresponding bounds for G(F q ). 
For sufficiently large q, this approach can be used to recover, and in general, improve upon, the 
bounds in Theorem 1 1.2.11 The following theorem demonstrates this approach. 

Theorem 4.2.1. Let r > 2, and set s = [|1 . Assume that p s ~ l (p — 1) > h. Then for each 
finite- dimensional kG{¥ q )-module V , one has 

dimH 1 (G(F g ),y) < \d\mV. 

Proof. Arguing by induction on the composition length, and using the long exact sequence in 
cohomology, it suffices to assume that V is an irreducible /cG(F g )-module. Then V = L(X) for 
some A £ X r (T). Write A in the form A = Ao +p s \\ with Ao € X S (T) and Ai € X(T) + , and set 
A = Ai +p r - s X . Then L(X) ^ L(A)( r " s ) as A:G(F g )-modules. In particular, dimL(A) = dimL(A). 
Now by [4] Theorem 5.5], the stated hypotheses imply that either H 1 (G(F (? ), L(A)) = H 1 (G,L(A)), 

or H 1 (G(F 9 ),L(A)) ^ H 1 ( G, L(A )). In either case, the inequality H 1 (G(F,), L(A)) < idimL(A) 
then follows from Theorem I2.2.H □ 

If V is an irreducible A;G(F (? )-module and if the Weyl group W is of order prime to p, then the 
inequality in Theorem 14 . 2 . 1 1 can be improved by applying Theorem 13.3.51 



12 



BENDEL, BOE, DRUPIESKI, NAKANO, PARSHALL, PILLEN, AND WRIGHT 



4.3. For higher degrees, one can make use of recent work of Parshall, Scott, and Stewart [22] to 
apply the approach of the previous section. Given a positive integer n, they show that there exists 
an integer rn, depending on n and on the underlying root system such that if r > rn, q = p r , 
and A € X r (T), then H n (G(F 5 ),L(A)) = H"(G, L(A')); see [221 Theorem 5.8]. Here A' is a certain 
"q-shift" of A, similar to the weight A used in the previous proof. Of importance for our purposes is 
that dimL(A') = dimL(A). With this, one can recover Theorem 14.2.11 for arbitrary primes, but at 
the expense of requiring a potentially larger r. For degrees 2 and 3, one can use this idea along with 
Corollary 12.3.21 to improve, for sufficiently large r, upon the bound in Theorem ll.2.2i As above, the 
proofs of the following two theorems reduce to the case where V is an irreducible kG (¥ q )-module. 

Theorem 4.3.1. There exists a constant L>(<3?,2), depending on such that if r > D(&,2) and if 
q = p r , then, for each finite- dimensional kG(¥ q ) -module V , one has 

dimH 2 (G(F 9 ),y) < dimK 

Theorem 4.3.2. Suppose p > h. Then there exists a constant D(&,3), depending on <£, such that 
if r > D(&,3) and if q = p r , then, for each finite-dimensional kG(¥ q )-module V, one has 

dimH 3 ((?(F ? ),y) < 2 • dimV. 

The constants -D($, 2) and D(&, 3) in the previous two theorems can be determined recursively. 
This is done in the proofs of Theorems 5.2 and 5.8 in [22j . 

References 

1. H. H. Andersen, Extensions of modules for algebraic groups, Amer. J. Math. 106 (1984), no. 2, 489-504. 

2. H. H. Andersen and T. Rian, B-cohomology, J. Pure Appl. Algebra 209 (2007), no. 2, 537-549. 

3. C. P. Bendel, D. K. Nakano, B. J. Parshall, C. Pillen, L. L. Scott, and D. I. Stewart, Bounding extensions for 
finite groups and Frobenus kernels, preprint, 2012, arXiv: 1208.6333 

4. C. P. Bendel, D. K. Nakano, and C. Pillen, Extensions for finite groups of Lie type. II. Filtering the truncated 
induction functor, Representations of algebraic groups, quantum groups, and Lie algebras, Contemp. Math., vol. 
413, Amer. Math. Soc, Providence, RI, 2006, pp. 1-23. 

5. , Second cohomology groups for Frobenius kernels and related structures, Adv. Math. 209 (2007), no. 1, 

162-197. 

6. E. Cline, B. Parshall, and L. Scott, Cohomology of finite groups of Lie type. I, Inst. Hautes Etudes Sci. Publ. 
Math. (1975), no. 45, 169-191. 

7. , Reduced standard modules and cohomology, Trans. Amer. Math. Soc. 361 (2009), no. 10, 5223-5261. 

8. E. Cline, B. Parshall, L. Scott, and W. van der Kallen, Rational and generic cohomology, Invent. Math. 39 (1977), 
no. 2, 143-163. 

9. S. R. Doty, K. Erdmann, and D. K. Nakano, Extensions of modules over Schur algebras, symmetric groups and 
Hecke algebras, Algebr. Represent. Theory 7 (2004), no. 1, 67-100. 

10. D. Gorenstein, R. Lyons, and R. Solomon, The classification of the finite simple groups. Number 3. Part I. 
Chapter A, vol. 40, Mathematical Surveys and Monographs, no. 3, American Mathematical Society, Providence, 
RI, 1998. 

11. R. M. Guralnick, The dimension of the first cohomology group, Representation theory, II (Ottawa, Ont., 1984), 
Lecture Notes in Math., vol. 1178, Springer, Berlin, 1986, pp. 94-97. 

12. R. M. Guralnick, T. L. Hodge, B. J. Parshall, and L. L. Scott, Counterexample to Wall's conjecture [online], 
http://www.aimath.org/news/wallsconjecture/ [cited September 20, 2012]. 

13. R. M. Guralnick and C. Hoffman, The first cohomology group and generation of simple groups, Groups and 
geometries (Siena, 1996), Trends Math., Birkhauser, Basel, 1998, pp. 81-89. 

14. R. M. Guralnick, W. M. Kantor, M. Kassabov, and A. Lubotzky, Presentations of finite simple groups: profinite 
and cohomological approaches, Groups Geom. Dyn. 1 (2007), no. 4, 469-523. 

15. R. M. Guralnick and P. H. Tiep, First cohomology groups of Chevalley groups in cross characteristic, Ann. of 
Math. (2) 174 (2011), no. 1, 543-559. 

16. J. E. Humphreys, Reflection groups and Coxeter groups, Cambridge Studies in Advanced Mathematics, vol. 29, 
Cambridge University Press, Cambridge, 1990. 

17. G. D. James, The representation theory of the symmetric groups, Lecture Notes in Mathematics, vol. 682, Springer, 
Berlin, 1978. 



BOUNDING THE DIMENSIONS OF RATIONAL COHOMOLOGY GROUPS 



13 



18. J. C. Jantzen, Representations of algebraic groups, second ed., Mathematical Surveys and Monographs, vol. 107, 
American Mathematical Society, Providence, RI, 2003. 

19. A. E. Parker and D. I. Stewart, First cohornology groups for finite groups of Lie type in defining characteristic, 
preprint, 2012. larXiv: 1211 . 6942 

20. B. J. Parshall and L. L. Scott, Quantum Weyl reciprocity for cohornology, Proc. London Math. Soc. (3) 90 (2005), 
no. 3, 655-688. 

21. , Bounding Ext for modules for algebraic groups, finite groups and quantum groups, Adv. Math. 226 

(2011), no. 3, 2065-2088. 

22. B. J. Parshall, L. L. Scott, and D. I. Stewart, Shifted generic cohornology, preprint, 2012, arXiv: 1205. 1207 

23. A. A. Premet, Weights of infinitesimally irreducible representations of Chevalley groups over a field of prime 
characteristic, Mat. Sb. (N.S.) 133(175) (1987), no. 2, 167-183, 271. 

24. L. L. Scott, Some new examples in 1-cohomology, J. Algebra 260 (2003), no. 1, 416-425, Special issue celebrating 
the 80th birthday of Robert Steinberg. 

25. L. L. Scott and T. Sprowl, http:/ '/pi. math. Virginia. edu/^lls2l fresearch_undergrad.htm [online], 2013. 

26. University of Georgia VIGRE Algebra Group, First cohornology for finite groups of Lie type: simple modules with 
small dominant weights, Trans. Amer. Math. Soc. 365 (2013), no. 2, 1025-1050, University of Georgia VIGRE 
Algebra Group: Brian D. Boe, Adrian M. Brunyate, Jon F. Carlson, Leonard Chastkofsky, Christopher M. 
Drupieski, Niles Johnson, Benjamin F. Jones, Wenjing Li, Daniel K. Nakano, Nham Vo Ngo, Due Duy Nguyen, 
Brandon L. Samples, Andrew J. Talian, Lisa Townsley, Benjamin J. Wyser. 

27. C. B. Wright, Second cohornology groups for algebraic groups and their Frobenius kernels, J. Algebra 330 (2011), 
60-75. 

Department of Mathematics, University of Wisconsin-Stout, Menomonie, WI 54751 
E-mail address: bendelc@uwstout.edu 

Department of Mathematics, University of Georgia, Athens, GA 30602 
E-mail address: brian@math.uga.edu 

Department of Mathematical Sciences, DePaul University, Chicago, IL 60614 
E-mail address: cdrupies@depaul.edu 

Department of Mathematics, University of Georgia, Athens, GA 30602 
E-mail address: nakano@math.uga.edu 

Department of Mathematics, University of Virginia, Charlottesville, VA 22903 
E-mail address: bjp8w@virginia.edu 

Department of Mathematics, University of South Alabama, Mobile, AL 36688 
E-mail address: pillen@southalabma.edu 

Louise S. McGehee School, 2343 Prytania Street, New Orleans, LA 70130 
E-mail address: carriew@mcgeheeschool.com 



